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Abstract. Conductance and other physical quantities are calculated in double quantum dots (DQD) con-
nected in series in the limit of coherent tunnelling using a Green’s function technique. The inter-dot
Coulomb repulsion and the exchange interaction are studied by means of the Kotliar and Ruckenstein
slave-boson mean-field approach. The crossover from the atomic to the molecular limit is analyzed in or-
der to show how the conductance in the model depends on the competition between the level broadening
(dot-lead coupling) and the dot-dot transmission. The double Kondo effect was found in the gate volt-
age characteristics of the conductance in the atomic limit. In the case, when each dot accommodates one
electron, the Kondo resonant states are formed between dots and their adjacent leads and transport is
dominated by hopping between these two resonances. In the molecular limit the conductance vanishes for
sufficiently low gate voltages, which means the Kondo effect disappeared. For small dot-lead coupling the
transport characteristics are very sensitive on the influence of the inter-dot Coulomb repulsion and the
position of the local energy level. The resonance region is widened with increase of the inter-dot Coulomb
interactions while the exchange interaction has opposite influence.

PACS. 72.15.Qm Scattering mechanisms and Kondo effect – 73.63.-b Electronic transport in nanoscale
materials and structures – 73.63.Kv Quantum dots

1 Introduction

In the last years, due to the spectacular advances in mod-
ern photolithography and self-assembly techniques, elec-
tron transport through few-electron quantum dots has
been the subject of many experimental and theoretical
studies [1,2]. Especially, the double quantum dot (DQD)
systems in both parallel and serial configurations have at-
tracted a lot of interest. The small size and low power dis-
sipation have stimulated a number of proposals for their
use in spintronic devices and as qubits for future quantum
computers [3,4]. In addition, transport studies in DQD al-
low one to investigate many physical problems like singlet-
triplet transitions, Pauli spin blockade and competition
between the Kondo effect and the antiferromagnetic corre-
lations between spins of the DQD. There are many papers
treating transport through DQD using different models
and techniques of calculations like numerical renormaliza-
tion group (NRG) [5,6], equation of motion (EOM) [7] and
slave-bosons (SB) [8–10]. Many of the models take into ac-
count on-site Coulomb interactions U only (e.g. [11–13]).
However, it was shown recently, that the exchange in-
teraction J can significantly influence Kondo effect near
singlet-triplet transition in multilevel quantum dot [14].
In DQD system apart from exchange interactions between
electrons located on the same dot appears also inter-site
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effective exchange Jeff ≈ 4t212/U [8,15]. Jeff interactions
are antiferromagnetic and usually are small in the case of
large on-site Coulomb repulsion U and small dot-dot cou-
pling t12 [14]. Very often these small interactions are omit-
ted, but it was pointed out by Aono and Eto [8], that even
small antiferromagnetic Jeff can significantly change be-
havior of the conductance and compete with the Kondo ef-
fect [5,8,9]. Unfortunately it was reported, that the slave-
boson techniques cannot treat an effective exchange Jeff

processes properly [5]. However, one can introduce in DQD
additional exchange interaction J between spins localized
on both dots. This allows to study how both: anti- and fer-
romagnetic orders influence the Kondo effect in the DQD
system in the slave-boson approach.

The important parameter in DQD systems is the inter-
dot Coulomb interaction U12, which is determined by the
mutual dot-dot capacitance (e.g. [16]). This interaction
determines an energy, which one has to pay in order to
add second electron to the DQD system. An interesting
question is how this interaction together with exchange
affect transport through the DQD connected in series?

The effect of finite U12 and J on transport properties
of double quantum dots has been reported previously by
Apel et al. [17] in the case when the two dots are inserted
into the leads. Results have been obtained by an exact
diagonalization of a cluster composed by the double-dot
and its vicinity. However, the authors present only the
results for weakly coupled dots (when dot-lead coupling is
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much larger than dot-dot hopping) and did not discuss in
details the nature of the effect.

Very useful tools for description of strongly corre-
lated electron systems (large on-site Coulomb repulsion),
in particular small QD, are slave-boson mean-field ap-
proaches (SBMFA). The main idea of the SBMFA is
the transformation of the strongly correlated Hamiltonian
to an effective non-interacting one by introduction of
auxiliary Bose fields. There are two main slave-boson
schemes in the literature, which can be adjusted to
describe electron transport through quantum dots sys-
tem: Coleman [18] and Kotliar-Ruckenstein [19] formu-
lations. Coleman slave-boson formulation is restricted
to the infinite intra-dot Coulomb repulsion U , while
Kotliar-Ruckenstein scheme can be used for arbitrary U
(from U = 0 up to U = ∞). Both approaches can be
applied for low temperatures [18,20] and give correct re-
sults for spin fluctuations in the Kondo regime [12,20–22].
Since charge fluctuations are not included at the mean-
field approximation [12] applicability of these approaches
in studying non-linear transport is restricted to the limit of
small source-drain voltages [23]. Important effects of cor-
relations and formation of many-particle states are also
outside the scope of SB in the form proposed by Coleman
and Kotliar-Ruckenstein.

In [23] Dong and Lei compare results obtained for
Coleman and Kotliar-Ruckenstein slave-boson formula-
tions. Authors found that KR slave-bosons are more pre-
cise theoretical tool than Coleman formulation. At T = 0
the KR SBMFA is equivalent to the results obtained from
the analytical technique: Gutzwiller variational wave func-
tion. Moreover KR SBMF scheme provides a good tool
for investigating linear transport through QD over a very
wide range of the energy including both Kondo and non-
Kondo regimes (e.g. mixed-valence). The advantage of the
method is, that can be very easy extended to the more
complicated systems like e.g.: multilevel quantum dots,
hybrid mesoscopic devices or Aharonov-Bohm rings [23].
Within generalization of this approach one can also study
Kondo effect in external magnetic field, non-equilibrium
situations and finite temperature [14,23,24].

In a paper we extend the Kotliar-Ruckenstein slave-
boson mean-field approach to calculate conductance
and other transport properties of the system consisting
of DQD coupled in series for various coupling strength.
Our generalization is similar to that proposed by Dong
and Lei to study singlet-triplet Kondo effect in multilevel
quantum dots [14]. In order to analyze the role of the
inter-dot Coulomb repulsion as well as the role of anti- and
ferromagnetic interactions on the conductance we have in-
troduced the slave-boson operators not only for single-
particle levels but also for many-body states: singlet and
triplet.

The paper is organized as follows: in Section 2 we de-
scribe the formalism used for calculation of the conduc-
tance and other characteristics of the system. The results
of our numerical computations are presented in Section 3.
First we will analyze in detail the role of the various cou-
pling strength on transport properties through DQD in
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Fig. 1. (a) Schematic view of the serially coupled quantum
dots. The dots are coupled via tunnel hopping t12. They are
connected only to its adjacent electrodes via tL1 and tR2. (b)
Schematic electronic structure of the system. Each dot has
only one single electronic level εj , j = 1, 2. U12 and J denotes
Coulomb repulsion and exchange interactions, respectively.

three different situation: (a) the Kondo regime, when the
dot level energy is much below the Fermi energy; (b) the
mixed valence regime, when the single electronic level
is close to the Fermi energy; and (c) the empty orbital
regime, when the energy levels of the dot lie above Fermi
energy in the leads. In this part we will also present how
the inter-dot Coulomb repulsion influence transport prop-
erties of the system. Next we will study how the conduc-
tance and other transport properties changes if we contin-
uously sweep energy of the QD levels (which can be done
e.g. by change of the gate voltage). In the case, when the
inter-dot coupling is weaker than the dot-lead coupling,
each dot accommodates one electron and forms the Kondo
resonant state with conducting electrons in a lead. In the
opposite limits, when the inter-dot coupling exceeds level
broadening, the conductance vanishes for sufficiently low
gate voltages, which means the Kondo effect disappeared.
In the last part of the Section 3 we will analyze the role
of the anti- and ferromagnetic inter-dot exchange interac-
tions. We will show how these interactions influence the
conductance and the Kondo effect. We will also study the
competition between ferromagnetic interactions as well as
Coulomb repulsion and coupling strength. In Section 4
final remarks are given.

2 Description of the model

We consider a system, which is composed of two
small quantum dots connected in series with electrodes
(Fig. 1a). The Hamiltonian for the system is:

H =
∑

j,σ

εjc
†
jσcjσ + t12

∑

σ

(
c†1σc2σ + c†2σc1σ

)

+
∑

α,j,k,σ

tαj

(
c†αkσcjσ + c†jσcαkσ

)
+

∑

j,σ

Uj n̂jσn̂jσ̄

+ U12

∑

σ,σ′
n̂1σn̂2σ′ − JS1 · S2 +

∑

α,k,σ

εαkc†αkσcαkσ. (1)

The first term corresponds to electrons on quantum dots
(j = 1, 2) with electronic level εj, where c†jσ and cjσ are
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creation and annihilation operators for an electron of spin
projection σ =↑, ↓ on dot j = 1, 2. Hopping between the
dots (t12) and coupling to the leads (tαj) are delineated by
the second and the third parts, respectively. The matrix
elements tαj are assumed to be independent of spin and
energy. The on-site Coulomb interactions Uj and Coulomb
repulsion U12 between electrons localized on different dots
are described by the next two term respectively, where a
number operator n̂jσ = c†jσcjσ. And finally

− JS1 · S2 =
− J

∑

σ

(
n̂1σn̂2σ − n̂1σn̂2σ̄ + 2c+

1σc1σ̄c+
2σ̄c2σ

)
(2)

corresponds to ferromagnetic (J > 0) or antiferromagnetic
(J < 0) interactions between magnetic moments of elec-
trons localized on the first and the second QD. The last
part of equation (1) characterizes noninteracting electrons
in the leads, labelled by α = L, R, where c†αkσ (cαkσ) is
the creation (annihilation) operator for electron with mo-
mentum k in the electrode α, εαk denotes the electron
energy.

A linear transport through the system can be stud-
ied by means of the Kotliar and Ruckenstein (KR) slave-
boson mean-field (SBMF) scheme [19]. In this method
the strongly correlated Hamiltonian (Eq. (1)) is trans-
formed to an effective, noninteracting one, through in-
troduction of auxiliary boson operators. A disadvantage
of the SBMF approach is that does not take into ac-
count many-electronic levels like e.g. singlet or triplet.
In order to take these states into consideration we have
modified SBMF approach and introduced slave-boson op-
erators not only for single-particle levels but also for sin-
glet and triplet states. We also take into account strong
Coulomb interactions on each dot (U1 = U2 = ∞) and
restrict ourselves to the lowest energy level, in which each
dot can be occupied only by one electron with spin σ =↑
or σ =↓, respectively. According to the SBMF, in addition
to the electron creation (annihilation) operators f †

jσ (fjσ),
we introduce a set of auxiliary boson operators e† (e), p†jσ

(pjσ), d†1SZ
(d1SZ ) and d†0 (d0), which act, respectively, as

projectors onto the empty (|0, 0〉), singly occupied (|σ, 0〉,
|0, σ〉), triplet (|σ, σ〉, (| ↑, ↓〉 + | ↓, ↑〉)/√2) and singlet
((| ↑, ↓〉 − | ↓, ↑〉)/√2) electron states. In order to elim-
inate unphysical states these operators must satisfy the
completeness relations for the slave-boson operators

I ≡ e†e +
∑

jσ

p†jσpjσ +
∑

SZ=1̄,0,1

d†1SZ
d1SZ + d†0d0 = 1 (3)

and the charge conservation

Qjσ ≡ c†jσcjσ =

p†jσpjσ +
∑

SZ=1̄,1

d†1SZ
d1SZ +

1
2

(
d†10d10 + d†0d0

)
. (4)

These constraints have been incorporated with the
Lagrange multipliers λ and λjσ into the effective

Hamiltonian

Heff =
∑

α,k,σ

εαkc†αkσcαkσ +
∑

j,σ

εjf
†
jσfjσ

+ t12
∑

σ

(
z†1σf †

1σf2σz2σ + z†2σf †
2σf1σz1σ

)

+
∑

α,j,k,σ

tαj

(
c†αkσfjσzjσ + z†jσf †

jσcαkσ

)

+ (U12 − J)
∑

SZ=1̄,0,1

d†1SZ
d1SZ + (U12 + 3J)d†0d0

+ λ (I − 1) +
∑

jσ

λjσ

(
f †

jσfjσ − Qjσ

)
(5)

where the QD fermion operators c†jσ (cjσ) in the hopping
term of equation (1) are replaced by the operator z†jσf †

jσ

(fjσzjσ), where

zjσ =
e†pjσ + p†

j̄σ
d1Sz + 1

2p†
j̄σ̄

(d10 + d0)
√

Qjσ

√
1 − Qjσ

, (6)

where for σ =↑ (↓) one take Sz = 1(1̄).
From the effective Hamiltonian (Eq. (5)) one can

derive (using the saddle-point approximation) a set of
self-consistent equations for the slave-boson operators.
We use the mean-field approximation, in which all slave
boson operators in these equations and in the constraints
are treated as c-numbers and replaced by their expecta-
tion values. The Zeeman splitting is also neglected, so
that pjσ = pj , d1Sz = d1 and zjσ = zj. We obtained:

e2 + 2p2
1 + 2p2

2 + 3d2
1 + d2

0 = 1,

n1 = 2p2
1 + 3d2

1 + d2
0 =

∑

σ

∫
dω

2πi
G<

1σ,1σ (ω) ,

n2 = 2p2
2 + 3d2

1 + d2
0 =

∑

σ

∫
dω

2πi
G<

2σ,2σ (ω) ,

x12

(
∂ ln z1

∂e
+

∂ ln z2

∂e

)

+xL1
∂ ln z1

∂e
+ xR2

∂ ln z2

∂e
+ 2λe = 0,

x12

(
∂ ln z1

∂p1
+

∂ ln z2

∂p1

)
+ xL1

∂ ln z1

∂p1

+xR2
∂ ln z2

∂p1
+ 4 (λ − λ1) p1 = 0,

x12

(
∂ ln z1

∂p2
+

∂ ln z2

∂p2

)
+ xL1

∂ ln z1

∂p2

+xR2
∂ ln z2

∂p2
+ 4 (λ − λ2) p2 = 0,

x12

(
∂ ln z1

∂d1
+

∂ ln z2

∂d1

)
+ xL1

∂ ln z1

∂d1

+xR2
∂ ln z2

∂d1
+ 6 (εT + λ − λ1 − λ2) d1 = 0,

x12

(
∂ ln z1

∂d0
+

∂ ln z2

∂d0

)
+ xL1

∂ ln z1

∂d0

+xR2
∂ ln z2

∂d0
+ 2 (εS + λ − λ1 − λ2) d0 = 0, (7)
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where

x12 =
t̃12
π

∑

σ

∫
dωIm

[
G<

1σ,2σ (ω)
]
,

xL1 =
t̃L1

π

∑

σ

∫
dωIm

[
G<

Lσ,1σ (ω)
]
,

xR2 =
t̃R2

π

∑

σ

∫
dωIm

[
G<

Rσ,2σ (ω)
]
, (8)

t̃L1 = tL1z1, t̃R2 = tR2z2 and t̃12 = t12z1z2.
The current flowing through the system is calculated

from the time evolution of the occupation number NL =∑
k,σ c†αkσcαkσ for electrons in the left electrode

J ≡ −e
〈
ṄL

〉
=

−ie

�

〈[
Heff ,

∑

k,σ

c†LkσcLkσ

]〉

=
2e

h
t̃L1

∑

σ

∫
dωRe

[
G<

1σ,Lσ(ω)
]
. (9)

The appropriate Green functions (seen in Eqs. (7–9)) are
calculated with the help of the Langreth analytical con-
tinuation rules [25] and have rather complicated form, e.g.

G<
1σ,Lσ(ω) =

2Γ̃L

t̃L1

⎧
⎨

⎩

[
(ω − ε̃2) i − Γ̃R

]
fL(ω)

(ω − ε̃r−) (ω − ε̃r+)

−
Γ̃L

[
(ω − ε̃2)2 + Γ̃ 2

R

]
fL(ω) + Γ̃R t̃212fR(ω)

(ω − ε̃r−) (ω − ε̃r+) (ω − ε̃a−) (ω − ε̃a+)

⎫
⎬

⎭ (10)

where

ε̃r(a)∓ =
ε̃1 + ε̃2 + iξ(Γ̃L + Γ̃R)

2

∓
√

[ε̃1 − ε̃2 + iξ(Γ̃L − Γ̃R)]2 + 4t̃212

2
, (11)

ξ = −1 for ε̃r∓ (ξ = 1 for ε̃a∓), ε̃j = εj + λj , Γ̃L = ΓLz2
1

(Γ̃R = ΓRz2
2), ΓL = πρLt2L1 (ΓR = πρRt2R2). fα(ω)

denotes Fermi-Dirac distribution function in the elec-
trode α with a chemical potential µα shifted by ±eV/2
for α = L, R respectively, V is an applied bias voltage
and ρα is the constant density of states in the elec-
trode α = L, R.

Finally, in the linear limit, the conductance can be
calculated from the formula G0 = (∂J /∂V )|V =0.

3 Results

In this section we will present some results of our numer-
ical computations. The calculations were performed for a
symmetrical system. It is assumed that both dots are iden-
tical (so ε1 = ε2 = ε0) and coupled to its adjacent leads
with the same strength Γ = ΓL = ΓR. The dot-dot cou-
pling t12 is chosen as the energy unit. The temperature T
and Fermi energy of the leads εF are set to be 0.

0

0.5

1

1.5

2

G
0 

[e
2 /

h]

0.01 0.1 1 10

Γ/ t12

0.5

1

1.5

2

n t
ot

U12 = 0

U12 = 1

U12 = 2

U12 = 5

a)

b)
ε0 = -2

ε0 = -2

Fig. 2. Conductance G0 and the total number of electrons ntot

as a function of dot-lead coupling Γ .

3.1 Crossover from the two separated dots
to the quantum dots dimer

Transport through DQD system strongly depend on com-
petition between the dot-dot and the dot-lead couplings.
When the hopping between the quantum dots is much
weaker than dot-lead tunnelling one can neglect hybridiza-
tion (caused by t12) between the dots. Electrons tend to
occupy local (individual dot) states so the both dots can
be considered separately. By analogy with the isolated
atom we will call this regime atomic. In the opposite
limit, when the dot-dot binding dominate over dot-lead
coupling (t12 	 tαj) one can treat DQD as an artificial
molecule (dimer). In this molecular regime, the electrons
occupy a bonding and anti-bonding orbitals rather than
local states. The purpose of this paragraph is to study the
crossover from the atomic to the molecular limit, which
can be controlled by a change of the level broadening Γ
versus dot-dot coupling t12.

The influence of the transition from the atomic to the
molecular regime on the conductance is shown in Fig-
ure 2a where the conductance G0 as a function of the
tunnel coupling Γ is plotted for several values of inter-dot
Coulomb interactions U12 = 0, 1, 2, 5, in the Kondo regime
(ε0 < εF ). The results are obtained on condition that
the single electronic level is fixed at ε0 = −2 below the
Fermi energy εF = 0. In the absence (and for very weak)
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inter-dot interactions U12 conductance has a narrow peak
(approximately symmetric) with height 2e2/h. For larger
U12, in the molecular limit (Γ/t12 
 1), peaks become
asymmetrical because a shoulder arises in the conductance
characteristics. The maximum of the peak is shifted with
increasing U12 to lower value of Γ/t12. The width of the
peak also increases. For large U12 (U12 > 4t12) the peak
structure disappears and the conductance smoothly in-
creases with decreasing Γ/t12.

The average total occupancy of the DQD is shown in
Figure 2b. The characteristics are non-monotonic func-
tions of the parameter Γ/t12. In general the amplitude
of ntot decreases with increasing U12 while the shape of
the curves is similar. One can see that for a sufficiently
large U12 (U12 > 4t12) the total number of electrons is
always below 1 in whole range of Γ/t12. It suggests that
sufficiently large U12 make double occupation of the sys-
tem impossible.

In the molecular limit (Γ/t12 
 1, small dot-lead cou-
plings) the conductance and average number of electrons
are very sensitive to an increase of the Coulomb inter-
actions U12 (see Fig. 2). For U12 = 0, when the average
occupancy of DQD reaches 2, the conductance vanishes as
is clearly seen in Figure 2a. On the other hand, for suf-
ficiently large U12 (U12 > 4t12), conductance reaches its
maximal value 2e2/h even for very small dot-lead coupling
(Fig. 2a).

The dependencies plotted in Figure 2 can be explained
with the help of density of states (DOS). As an example,
Figure 3 presents DOS for U12 = 2 and several values
of Γ/t12. Let us analyze first the small dot-lead coupling
limit Γ/t12 
 1. In that case, one sees two well separate
very narrow states, one located on the Fermi level and the
second above (Fig. 3a). The tunnelling through the state
aligned with the Fermi level is responsible for the finite
conductance seen in the molecular limit (in the small Γ
regime) in Figure 2a. In absence of U12, the conductance
vanishes in the molecular regime because DOS peak does
not match the Fermi energy. For U12 �= 0 however, energy
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Fig. 4. Conductance as a function of dot-lead coupling Γ in
the mixed-valence regime (ε0 = 0) The parameters are the
same as those in Figure 2.

level ε0 is pinned to the Fermi energy εF = 0. The pin-
ning strength can be related to the width of the peak and
increases with increasing U12. We have also plotted DOS
for different U12 (not shown here) and found, that with
increasing U12 the maximum of the peak is shifted from
the value, which lies below εF (for U12 = 0) to the value,
which lies above the Fermi level (for large U12). This shift
of the position of the energy level is responsible for the
drop of ntot observed in Figure 2b with increasing U12.
For small U12, when the level lies below the Fermi level,
two electrons are in the DQD system and the transport
is blocked. If we increase U12, than the energy level is
shifted closer to the Fermi level, the peak width is larger
and the tail of the peak crosses the Fermi energy, so con-
ductance increases and one can see shoulder in Figure 2a
for Γ/t12 
 1. If we increase U12 even more, then maxi-
mum of the DOS peak crosses the Fermi energy. Now, less
than one half of the DOS peak lies below Fermi energy,
so ntot is less than one on average. However the conduc-
tance is still high, because the tail of the peak matches
Fermi energy.

For moderate values of Γ/t12 one can see from Fig-
ures 3b, 3c, that one of the quasi-bond states is still lo-
cated close to the Fermi energy, which results in a change
of the conductance (see Fig. 2a). It is clearly seen from
Figure 3 that the width of the peaks increases with in-
creasing Γ and that for a sufficiently large Γ the two DOS
peaks merge together (Fig. 3d).

Let us once again take a look in Figure 2 and focus on
the atomic limit (for a large dot-lead coupling Γ/t12 	 1).
The conductance always vanishes in this regime. The sup-
pression of the conductance for Γ 	 t12 is simply due to
the fact, that the maximum of the DOS peak is shifted
far above the Fermi level and large difference between Γ
and t12 is generating an effective potential barrier, which
blocks the electron transfer from one dot to another dot.
The average number of electrons saturates and depends on
the dot level position only, the Coulomb interactions U12

does not have any influence.
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Fig. 5. Conductance as a function of dot-lead coupling Γ in
the empty orbital regime (ε0 = 2). The parameters are the
same as those in Figure 2.

In Figure 4, the conductance G0 in the intermediate
valence regime (ε0 = 0) is plotted. In this regime, in the
absence of U12 and a small coupling Γ/t12 
 1, the system
is predominantly in the state with ntot ≥ 1. The conduc-
tance reaches its maximal value 2e2/h only in the absence
of U12, when the ntot 
 1, then decreases. If the Coulomb
interactions are present (U12 > 0) the conductance G0

monotonically decreases with increasing coupling to the
leads. It is clearly seen, that with increasing Coulomb
repulsion U12 between dots, conductance also decreases.
This is because with increasing U12 the average occupa-
tion (not shown here) of DQD decreases.

Above we have analyzed situations, when electronic
level ε0 lie below or close to the Fermi level, ε0 ≤ εF . Now
we will discuss the opposite limit ε 	 εF . It is so called
empty orbital regime, because an isolated DQD is empty
in the equilibrium. If we turn on coupling to the leads, then
the conductance will slowly increase, see Figure 5. In con-
trast to situation shown in Figure 2, the amplitude of the
conductance is two order of magnitude smaller. The max-
imum of the peaks of G0 appears when hopping between
dots matches dot-lead coupling, t12 = Γ . Further increase
of Γ introduces asymmetry between the dot-dot coupling
and the level broadening, which leads to worsening of the
transport, so the conductance decreases. Contrary to the
conductance, which has a small peak, the total number
of electrons (ntot) (not shown here) on DQD monotoni-
cally increases when the transition of the system from the
molecular to the atomic limit occurs.

3.2 Formation of the double Kondo effect
in the atomic limit

In the previous section we have studied the crossover from
the atomic (Γ 	 t12) to the molecular (Γ 
 t12) regime
and the influence of this transition on the conductance and
other transport characteristics of the system in the Kondo,
mixed valence and empty orbital regimes. One sees, that
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Fig. 6. Conductance (a) and total number of additional
electrons in DQD (b) as a function of dot level energy ε0

for Γ/t12 = 1, 2 and U12 = 0, 5.

the conductance always vanishes if the system reaches an
atomic limit (Γ 	 t12), see Figures 2, 4 and 5. However, as
we will show in this paragraph, when the local electronic
level ε0 lies sufficiently deep below Fermi energy (i.e. ε0 +
U12 
 εF ) the finite conductance appears even in the
atomic limit. In this very deep Kondo regime each dot
accommodates one electron. The local magnetic moment
associated with the electron is coupled via an exchange
interactions with the conduction electrons in the adjacent
lead. So, in this section we will focus our attention on this
so called double Kondo effect.

The results of our numerical computations are
presented in Figure 6 for several values of U12

and Γ/t12 = 1, 2 as a function of the dot level position
ε0. The conductance monotonically increases if the dot
level position ε0 goes below the Fermi level εF = 0, (see
Fig. 6a). For a very deep position (deep inside the Kondo
regime) of the dot level ε0, there are two additional elec-
trons in the system (Fig. 6b) and the conductance has
a plateau (Fig. 6a). Now it will be explained why these
plateau appears. Because our system of DQD is symmet-
ric, we deduce from Figure 6b, that there is one elec-
tron strongly localized on each QD on average. We have
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calculated (it is not shown here) an average value of the
local magnetic moment of the dot for ε0 + U12 
 EF and
found that is close to the 3/4, which is the value for a
free electron. It means that each dot accommodates one
electron with spin ↑ or ↓ on the energy level laying deep be-
low the Fermi energy. We found that in this regime, close
to the Fermi level, arises an effective bonding level ε̃−,
which is available for the tunnelling processes. The mag-
netic moment located on the dot is shielded by conduction
electrons from the adjacent lead (Kondo singlet state is
formed) due to the very big dot-lead coupling. The elec-
tron transport through the system is now determined by
the hopping between these two Kondo states. Resulting
double Kondo effect is clearly seen as an aforementioned
wide plateau (Fig. 6a). Conductance approaches its max-
imal value G0 = 2 for Γ/t12 = 1 and decreases with in-
creasing asymmetry between dot-lead and dot-dot cou-
pling. However even for large asymmetry, the effect is still
present (but is weaker). Qualitatively similar results were
obtained using a numerical renormalization group method
for DQD with a finite on-site repulsion and effective ex-
change [5,6].

3.3 Resonant transport in the molecular regime

Comparisons of the results, which are presented in Fig-
ures 2, 4 and 5, show that in the molecular limit (Γ 
 t12)
the conductance and the average occupation of the dot are
very sensitive on the influence of the inter-dot Coulomb
repulsion and the position of the local energy level ε0. In
order to understood fully this case the further analysis is
needed. So in this section we will investigate the influence
of the competition between U12 and ε0 on the transport
properties of the system in the molecular regime. For this
purpose we have calculated the gate voltage character-
istics of the system for several U12. The results of our
computations are presented in Figure 7.

In this case the very narrow bonding and anti-bonding
states are formed in the double quantum dot. The anti-
bonding state ε̃+ always lie far above the Fermi energy
and does not contribute to the conductance. The bonding
level ε̃− crosses the Fermi energy when there is only one
additional electron in the DQD dimer. Thus, the resonant
tunnelling (G0 = 2e2/h) only takes place when the effec-
tive bonding state ε̃− matches the Fermi energy. It can
suggests that the conductance peaks are due to the cou-
pling of a magnetic moment of single electron on bonding
level with conduction electrons in the leads, i.e. due to the
Kondo effect. The peak width increases with increasing
coupling ratio. One can clearly see from Figure 7a that for
very deep level position conductance vanishes. This decay
of conductance is caused by creation of the singlet state by
two electrons occupying the bonding orbital. In this case
the Kondo resonance does not appear. In Figure 7 it is also
shown the influence of inter-dot Coulomb interactions U12

on transport through double quantum dot. One can see
that the peak is widened and the peak maximum is shifted
to deeper gate voltages with increasing inter-dot Coulomb
repulsion. This behavior is caused by the increase of the
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trons in DQD (b) as a function of dot level energy ε0 for
Γ/t12 = 0.01.

energy of the triplet and singlet states ET,S ∼ 2ε0 + U12

with growing Coulomb repulsion U12.

3.4 Influence of the exchange interaction

In this section we would like to discuss how the exchange
interactions (described by J) influence transport through
the system. In particular, we want to investigate in detail
how the ferromagnetic as well as antiferromagnetic inter-
action between electrons located on both dots affect the
double Kondo effect. In Figure 8 it is plotted the conduc-
tance and the correlation function 〈S1 ∗ S2〉 as a func-
tion of a gate voltage for ferromagnetic (J > 0) and an-
tiferromagnetic (J < 0) cases in the atomic limit. One
can see that with increasing |J | the curves are shifted to
the larger value of ε0 and that width of the transition
region (the region, in which conductance increases from
zero to its maximal value) is narrowed. So, one can say
that the influence of J is opposite to the influence of U12

(see Fig. 6). In general the behavior of the conductance
does not depend on the sign of J , so anti- and ferromag-
netic interactions have the same influence on transport
in the model (Fig. 8). The absolute value of the correla-
tion function 〈S1 ∗ S2〉 grows with decreasing gate volt-
age. The ferromagnetic interactions (J > 0) start to play
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a role for larger values of ε0 than the antiferromagnetic
one (J < 0), see Figure 8. The amplitude of 〈S1 ∗ S2〉
for J > 0 increases slower than in the antiferromagnetic
case. This behavior can be easy explained with the help
of the energy of the spin singlet εS = 2ε0 + U12 + 3J
and spin triplet εT = 2ε0 + U12 − J states. One sees from
Figure 8, that in very deep Kondo regime the finite con-
ductance is present even in the case of large anti- and
ferromagnetic interactions J between magnetic moments
located on the both dots. We have calculated (it is not
shown here) that in this regime the total number of addi-
tional electrons in the system approaches two, so on each
dot one electron is localized. The total magnetic moment
of the DQD (〈(S1 + S2)2〉 = 〈S2

1〉 + 〈S2
2〉 + 2〈S1 ∗ S2〉)

is smaller (larger) than average magnetic moment 3/2 of
the two free electrons due to the presence of the antifer-
romagnetic (ferromagnetic) interaction between the dots.
Moreover, for J > 0 the total magnetic moment increases
monotonically with decrease of the ε0, while for J < 0 it
has a local maximum (these results are not shown here).
This maximum appears as a result of the competition be-
tween square of the local spins 〈S2

j 〉 and the correlator
〈S1 ∗ S2〉. So, we have situation similar to that analyzed
in Section 3.2. However in the absence of exchange interac-
tion (see Sect. 3.2), the singlet and the triplet states have
the same energy and one cannot distinguish parallel and
antiparallel spin configuration. In the presence of exchange

interaction the singlet and triplet states have different en-
ergy. One can easily find, that for ferromagnetic interac-
tion the parallel configuration of spins on the dots is pre-
ferred (Fig. 8b) and in the very deep Kondo regime mainly
the spin triplet state with energy εT = 2ε0 +U12−J is oc-
cupied. In the opposite case, when the interactions are an-
tiferromagnetic, the spin singlet state is formed (Fig. 8b)
between the electrons located on the quantum dots. One
sees from our calculations that the double Kondo effect
survives even for large ferromagnetic (J = 5) and antifer-
romagnetic (J = −1) spin-spin correlations.

We have also studied the influence of the exchange
interactions on the system in the molecular regime
for Γ 
 t12 (the results of our calculations are not present
here). The conductance has a peak, like in Figure 7. The
ferromagnetic interaction shifts maximum of the conduc-
tance peak to the larger value of ε0 and the peak width is
narrowed. In the double occupancy regime (ntot = 2) the
conductance vanishes (like in Fig. 7).

The competition between the antiferromagnetic inter-
action and the Kondo effect has been studied by Aono
and Eto in [8]. The authors have calculated conductance
in the DQD system using the Coleman slave-boson formal-
ism [18], in which on-site Coulomb interaction is assumed
to be U = ∞. They introduced to the model an effective
(small) antiferromagnetic interactions Jeff ≈ 4t212/U be-
tween magnetic moments localized on the both dots. The
authors have found that for finite J appears very narrow
unitary peak (2e2/h) in the gate voltage dependence of
the conductance and that conductance vanishes if ε0 lie
much below Fermi energy. They claim that this behavior
is because at sufficiently low gate voltages, a spin-singlet
state appears (between magnetic moments localized on
both dots) that destroys the Kondo effect (between local-
ized moments and conduction electrons in the lead). We
did not find this unitary peak in our calculations, so we
do not observe the crossover between double Kondo and
spin-singlet state (formed in DQD).

There are two main reasons that this difference can oc-
cur. From the one side, similarly to Aono and Eto calcula-
tions [8], we have assumed an infinite intra-dot Coulomb
repulsion and introduced exchange interaction as a pa-
rameter. From the other side however, we have taken
into account also inter-dot Coulomb repulsion, while Aono
and Eto neglected these correlations [8]. In addition, we
have generalized Kotliar-Ruckenstein slave-boson repre-
sentation by introduction of the slave-bosons not only for
single-electron states but also for many-body states: sin-
glet and triplet, formed between electrons resided on dif-
ferent dots. We think that this generalization is crucial
to cause aforementioned difference, because important ef-
fects of correlations and formation of many-particle states
are outside the scope of the usual SBMFA, like e.g. used
by Aono and Eto [8].

4 Final remarks

In the paper we presented conductance through seri-
ally coupled double quantum dot in presence of inter-
dot Coulomb repulsion and ferromagnetic exchange. The
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crossover from the atomic to the molecular limit is ana-
lyzed in order to show how the conductance in the model
depend on the competition between the level broadening
and the dot-dot transmission. In the atomic limit we found
the double Kondo effect for two electrons, while in the op-
posite case the conductance vanishes for sufficiently low
gate voltages, which means the Kondo effect disappeared.
In the molecular limit the conductance and the average
occupation of the dot are very sensitive on the influence
of the inter-dot Coulomb repulsion and the position of
the local energy level. In the case, we have also found
the Kondo effect, but for one electron on the DQD. The
resonance region is broadened with increasing inter-dot
Coulomb repulsion as well as with decreasing exchange
interactions.

This work is supported by the Ministry of Science and
Higher Education, and the project RTNNANO Contract
No. MRTN-CT-2003-504574.
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